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Abstract 
 
Using the molecular dynamics method, we investigate vortex dynamics in a Crobino superconducting disk under an external field. 
In order to incorporate non-uniform heat generations due to motions of vortices in a Crobino disk and a retarded vortex-vortex 
interaction due to quasi-particle relaxations, we extend the molecular dynamics method. Vortices move from inner part to outer part 
due to temperature distribution. When vortices move rapidly, a vortex follows another vortex due to the retarded vortex-vortex 
interaction. 
 
© 2013 The Authors. Published by Elsevier B.V. Selection and/or peer-review under responsibility of ISS Program Committee. 
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1. Introduction 
Controlling vortices in type-II superconductors has been the subject of intense investigations, because immobilizing 
vortices reduces dissipation effects and creates high critical currents [1] and controlling a single flux is a basis for 
devices such as single flux quantum (SFQ) devices [2] and flux qubits [3]. In order to investigate the motion of large 
number vortices, it is a useful way to adapt the molecular dynamics (MD) method, where vortices are treated as point 
particles, and their dynamics are given by the classical equation of motion [4-7]. In these decades, such studies have 
been done widely. 
 But recently Okuma et al. pointed out that when vortices moves rapidly, a relaxation time of quasi-particles inside 
of vortex core becomes important and orientation of a moving vortex lattice depends on velocities of vortices [8,9].  
This means that if velocity of a vortex is large, another vortex follows the first vortex before superconducting order 
parameter recovers to an equilibrium value. This is a kind of interaction between the first and second vortices. 
Although instantaneous interaction between two vortices is repulsive, this interaction is retarded and attractive. This 
situation is similar to the interactions between electrons in a metal where electrons instantaneously repel with each 
other, but through a lattice distortion they attract with each other. The latter interaction is retarded. Therefore these 
interactions coexist and Cooper pairs are formed and the superconductivity occurs.  
In an ordinary MD method, this retarded interaction does not appear and reorientation of the moving flux lattice 
cannot be described by the MD simulation. In a simulation using the time-dependent Ginzburg-Landau (TDGL) 
equation, the reorientation of moving flux lattice was found [10]. In the TDGL simulation, time-development of the 
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order parameter is calculated and after a vortex moving, the order parameter recovers to equilibrium value within 
relaxation time. This is a difference between the MD and the TDGL simulations.  
In this study, we incorporate this retarded interaction between vortices as well as time-development of a 
temperature of superconductors, into the MD simulation. We describe our method in Sec. 2 and show numerical 
results in Sec.3. 
2. Methods 
We consider a superconducting Crobino disk with a thickness h and a radius R . We treat it in a two-dimensional 
formulation, and ignore the variation of physical quantities perpendicular to the plane. 
For the vortex motion, we use the molecular dynamics method. In this method, vortex dynamics is described by a 
following equation of motion, 
 
 η dvi
dt
= fdi + fpi
imp + fpi
ad + fvi + fTi + fRi + f fi  . (1) 
 
Here η  is the damping constant and ri is the position of i-th vortex. fdi , fpiimp , fvi , fTi , fRi and f fi  are a driving 
force due to a current, a pinning force from impurities, a vortex-vortex interaction from other vortices, an entropy 
force, a retarded vortex-vortex interaction that comes from quasi-particle relaxation and a thermal fluctuation force 
from the environment, respectively . The driving force is given as fdi =
1
c
jext ri( )×Φ0 , where Φ0 = Φ0 zˆ  is a magnetic 
flux parallel to the z-direction with a magnetic flux quantumΦ0 = hc 2e( )  and jext r( )  is an external electric current, 
which flows from the center of the disk to the cirucumference. The vortex-vortex interaction is given as 
 
 fvi = f0 K1
ri − rj
λ
⎛
⎝⎜
⎞
⎠⎟
rˆij
j≠i
∑   (2) 
 
whereK1 is the first order modified Bessel function and rˆij is a unit vector from j-th vortex to i-th vortex. 
f0 = Φ02 8π 2λ 3( )−1 is a strength of vortex-vortex interaction, where λ  is the penetration depth. The pinning force from 
random impurities is given as 
 
fpi
imp = − fpl
imp
rpl
imp ri − rlimp Θ
rpl
imp − ri − rlimp
λ
⎛
⎝⎜
⎞
⎠⎟ rˆill=1
Nimp∑ ,  (3) 
 
where rl
imp  is the position of l-th impurities, rˆil = ri − rlimp( ) ri − rlimp is a unit vector, Nimp  is number of impurities 
and Θ x( )  is a step function.
 
fpl
imp  and rpl
imp  are the strength of the pinning potential and the radius of the impurity, 
respectively. The thermal fluctuation force satisfies following condition 
 
 fTi t( ) ⋅ fTj ′t( ) = 2ηkBT ri( )δ ijδ t − ′t( )   (4) 
 
where T ri( )  is local temperature at the vortex position. The entropy force comes from the temperature gradient and is 
given as,  
 
 fTi = −Sφ gradT r( ) r=ri ,  (5) 
 
where Sφ is a transport entropy of the vortex. For a retarded vortex-vortex interaction, we assume that equilibrium 
condensation energy Econd r( )  is related with the local temperature T r( )  as, 
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 Econd r( ) = Econd0 1− T r( )Tc
⎛
⎝⎜
⎞
⎠⎟ ,  (6) 
 
where Econd0  is a condensation energy of superconductivity at zero temperature. Here we define a condensation energy 
potential Vcond r( ) , which is a non-equilibrium condensation energy and depressed locally when vortices pass through 
the position and recovers to the equilibrium energy Econd r( )  after a relaxation time τ .  A vortex is attracted to a 
minimum of Vcond r( )  and this force is consider as a retarded interaction force and it is given as 
 
 fRi = −gradVcond r( ) r=ri  . (7) 
 
In order to treat the time-development of the condensation energy Vcond r( )  as well as the time-development of the 
local temperature T r( ) , we use the finite element method. The time-development of the local temperature is described 
by the heat transport equation, which is given as 
 
 ch ∂T∂t = k
∂2T
∂x2 +
∂2T
∂y2
⎛
⎝⎜
⎞
⎠⎟ −α T −Ta( ) + hq x, y( )   (8) 
 
where c  is a specific heat of the superconductor and k = λhh , where λh  is the heat conductivity of the superconductor.  
Below the superconducting disk, we put a substrate, which is thermally well contacted with the superconductor. α is a 
heat transfer rate between the substrate and the superconductor and Ta  is a temperature of the substrate. q  is a heat 
per unit time and volume due to the vortex motion and is given as, 
 
 q x, y( ) = fdi ⋅ dridt δ r − xi( )δ y − yi( )j
Nv∑  , (9) 
 
where the summation is taken over all vortices. In the FEM, the superconductor is divided into triangular elements 
(see Fig.1). Then all of physical quantities are approximated by linear functions using so-called area coordinates 
Ni
e (x, y){ }  (Ref. [11]). For example, the condensation-energy potential is expanded as 
 
 Vcond x, y( ) = Vcondie Nie x, y( )
i=1
3∑ ,  (10) 
 
where Vcondi
e  is the value of the condensation energy potential at the i-th node of the e-th element.  Using Eq. 10, 
relaxation of Vcond r( )  can be expressed as, 
 
 dVcondi
e
dt
=
Econdi
e −Vcondie( )
τ  , (11) 
 
 
Fig. 1. Finite element division of superconducting disk. 
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The FEM equations for the heat transport are given in Ref. 12. 
3. Numerical Results 
We show typical vortex structures and distributions of the temperature and the condensation-energy potential in a 
Crobino disk under an external field and an external current in Fig. 2. Disk radius is 5ξ0  and initial vortex number is 
set to 100. In Fig. 2(a), temperature distribution is shown. As expected, the temperature is high around the center of 
the disk, where vortices move fast. Because of the entropy force fTi , vortices are pushed toward outside and density of 
vortices becomes rather low. In this simulation, we set velocity of vortex is larger than dv−v τ  , where dv−v  is an 
average vortex-vortex distance. As shown in Fig. 2(a), dips of the condensation-energy potential are connected and 
vortices follows these connected potential dip path. 
 
              
Fig.2. (a) A snapshot of dynamics of vortices and temperature. (b) A snapshot of dynamics of vortices and condensation-energy potential. These 
figures are at the same time. 
4. Summary 
We incorporate the retarded vortex-vortex interaction due to the quasi-particle relaxation into the MD simulation. 
We found the vortices follow other vortices, when vortex motion is rapid. Confirmation of reorientation of the moving 
vortex lattice is a future problem. We also expect temperature dependence of the vortex dynamics. This is also a future 
problem.  
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